Abstract-In this paper, a numerical model of the Clusterspacecraft electric potential has been developed and validated. This model provides a good fit to the plasma density as a function of spacecraft chassis potential relative to a Langmuir probe as recorded along the Cluster-spacecraft orbit when the plasma density was between 1 and 80 cm −3 during a plasmaspheric crossing. The model is used to assess the uncertainty in densitydetermination methods based on potential measurements. Furthermore, this model provides constraints on the parameters suitable for describing the photoelectron emission and might be used in the future to estimate plasma temperature in space.
I. INTRODUCTION
T HE EUROPEAN Space Agency Cluster mission consists of four spacecraft designed to explore magnetospheric and solar-wind plasma phenomena [1] . The spacecrafts were launched on two separate Soyuz-Fregat rockets in the summer 2000 and were eventually placed into a closely spaced formation in a highly inclined eccentric orbit with altitudes of perigee and apogee of about 19 000 and 119 000 km and an orbit period of about 57 h. The electric-field-and-wave instrument on Cluster consists of four spherical Langmuir probes, which is 8 cm in diameter, at the end of long wire booms in the spin plane with a separation of about 80 m between opposite probes [2] . A relaxation sounder experiment, WHISPER, was placed onboard the Cluster spacecrafts specifically to determine the plasma density from the determination of the plasma frequency [3] . Its range of operation, however, is limited to density below 80 cm −3 . Recently, Pedersen et al. have shown that there is a clear relationship between the plasma density as determined with the WHISPER instrument and the Langmuir probe potential relative to the Cluster chassis floating potential [4] . This feature is not specific to Cluster. It has been observed on other spacecrafts such as GEOS-1 [5] , [6] , ISEE-1 and 2 [6] , [7] , and GEOTAIL [8] . Theoretical investigations have been made essentially to verify that the relationship was only weakly dependent on the plasma temperature [7] , [8] . Based on such an assumption, the relationship could therefore provide a method to estimate the plasma density from the Langmuir probe floating-potential measurement. Recently, Moullard et al. used a fit to the density measured with the Cluster WHISPER instrument by an exponential function of the Langmuir probe floating potential to infer plasma density above 80 cm −3 from the Cluster Langmuir probe measurements [9] .
The approach used in this paper is to search for a theoretical model that is a good fit to the density as a function of the Langmuir probe floating potential, assuming a constant temperature. The theoretical model is developed and validated in Section II. A comparison of the Cluster data and the model is made in Section III. A study of the uncertainty of the method when applied to density or temperature estimates is presented in Section IV. Conclusion is given in Section V.
II. MODEL

A. Current Balance and Floating Potential
Electrostatic potential differences between surfaces in space and the neighboring plasma appear as a result of plasma electron and ion accommodation and photoelectron emission. To avoid electrostatic perturbations from the spacecraft, the Langmuir probes are mounted at the ends of very thin (∼1 mm) very long wire booms (typically 40 m from the spacecraft hub surface). A sketch of the geometry of the spacecraft hub, booms, and Langmuir probes is shown in Fig. 1 . In this figure, I i,s , I ph,s , and I e,s are symbols used for the ion current, the photoelectron current, and the ambient electron current intercepting the spacecraft hub area, respectively (I i,p , I ph,p , and I e,p are the corresponding currents to the Langmuir probe). In addition, an electric current I bias can be used to bias the potential at which the probes float.
In the case of Cluster, the spacecraft surface is essentially conductive, and the electrostatic equilibrium is reached on a time scale (of the order of 1 µs) much shorter than the typical time scale of the changes in the properties of the ambient plasma. Therefore, the floating potential of any Cluster probe with respect to the spacecraft chassis potential can be derived from the two current balance equations integrated over the probe area and the spacecraft surface area:
0093-3813/$20.00 © 2006 IEEE Fig. 1 . Sketch of the geometry of the Langmuir probes mounted on wire booms around a Cluster spacecraft. The symbols I i,s , I ph,s , and Ie,s stand for the ion current, the photoelectron current and the ambient electron current intercepting the spacecraft hub surface (I i,p , I ph,p , and Ie,p are the corresponding currents to the Langmuir probe). I bias is a current used to bias the potential at which the Langmuir probes float.
All the above currents, except I bias , are dependent on the electrostatic potential distribution around the spacecraft and the probe. In the remainder of this section, simplified expressions for these currents as a function of the potential difference between the ambient plasma and the probe potential or the spacecraft potential are provided.
B. Current From the Ambient Plasma
For each ambient species, their current to the spacecraft or to the probe can in principle be computed through the integral over the relevant area of the component of the velocity vector perpendicular to the surface weighted by the distribution function at the location considered on the surface f (x, ν)
In the above equation, ν denotes the velocity vector, and S is the vector perpendicular to the surface.
As collisions and magnetic field are neglected, f (x, ν) can be given by the Vlasov equation:
where the electric potential φ is given by the Poisson equation:
where ε 0 is the dielectric permittivity of vacuum and
is the electric charge density. In general case, solutions of the above systems are found through plasma simulation methods [10] , [11] . In case of spherically symmetric problems, the Poisson equation becomes monodimensional. A few numerical approaches have been developed to derive approximate solutions of the Poisson-Vlasov problem in this case [12] - [14] . Among these methods, the so-called turning-point method of Parrot et al. [14] has been successfully compared with particle-in-cell simulations in the case of Maxwellian-distribution functions and was shown to give also a good approximation to the photoelectron-emission current [15] . This method, however, is still computationally too demanding to use in curve-fitting problems when the computation of many current-potential relationships is required. Therefore, the approach used in this paper is to use simplified approximations for the various particle currents, which are then validated through comparison with the turning-point method.
The current due to repelled species can be determined based on the condition that a particle coming from infinity must have a kinetic energy higher than the electrostatic potential barrier. Assuming that the variation of the potential with distance is monotonic, the integration of this condition for a conductive sphere of radius r, potential φ can be carried out for a Maxwellian distribution of particles [16] . Assuming a mass m, density n, and temperature T , the following expression for the current to the sphere results:
with
A simple approach to computing the current due to the attracted species is based on the fact that when the space charge is negligible, a simple condition on its impact parameter b exists for a particle of charge q and mass m coming from infinity with speed w to reach a spherical conductor of radius r. That is
where q and φ are of opposite sign for the attracted species. It has been shown [16] that integrating this condition over a Maxwellian-distribution function with temperature T and density n leads to the following expression of the electric current collected by a sphere of radius r and potential φ:
C. Photoelectron-Emission Current
Simple expressions of the current due to photoelectron emission are available when the space charge can be neglected. This assumption will be used in the rest of this paper. Situations when this approximation is not valid are discussed elsewhere [15] .
For conductors with spherical geometry and negative potential, the computation of the photoelectron current is straightforward. Since there are no electrostatic barriers, all the photoelectrons emitted leave the surface. The value of the current is constant and defined as the photoelectron saturation current.
where S ph is the effective emission surface area for photoelectrons, and J 0 ph is the photoelectron current density at saturation. For a sphere of radius r S ph = 4πr
2 .
For attractive potentials, computing photoelectron currents requires a more refined analysis. Two limiting cases for photoelectron emission can be identified [17] 
A point source corresponds to values of χ much less than unity while a locally planar source corresponds to values of χ much larger than unity.
For the point-source approximation, the equipotential surfaces are spherical around the source. The condition for a photoelectron to be effectively emitted is that its kinetic energy is larger than the electrostatic barrier qφ.
On the other hand, for the planar surface model, the equipotential surfaces are planar, and the distance at which an electron is reflected depends on the initial emission angle. The condition for emission in this case is that the kinetic energy associated with the velocity component perpendicular to the surface be larger than the electrostatic barrier qφ.
After integration over the part of the photoelectrondistribution function (assumed to be half-Maxwellian) that exceeds the electrostatic barrier, the current of the photoelectrons for a positive potential can be expressed as follows [17] :
and
Various types of photoelectron distributions have been proposed in literature. Good fits to the photoelectron distributions measured on ground experiments could be obtained with a single half-Maxwellian distribution with a temperature of 1.5 eV [17] . However, several authors have shown that the photoelectron emission in space could be better represented by the sum of two half-Maxwellian distributions [7] . In this case, (13) and (14) are replaced by the sum of two similar terms but for two different values of the temperature and photoelectron current saturation density.
D. Computation Results
Solutions of (1) have been calculated for values of the density ranging from 0.2 to 1000 cm −3 using expressions (6) to (13) for the currents (i.e., for the Orbit-Motion-Limited (OML) and point-source approximations). These are displayed in Fig. 2 . The solid line and the dotted line represent the spacecraft and the probe potential versus the plasma-electron density, respectively. These are for a coupled system of spacecraft and probe as specified by the parameter values given in Table I . For comparison, approximate solutions obtained with the more accurate turning-point method of Parrot et al. [14] , [15] for which space charge is not neglected are shown as triangles and squares for the spacecrafts and the probe, respectively.
For these calculations, the spacecraft hub, which is a cylinder of height 1.3 m and radius 1.45 m, has been replaced by a sphere with the same area (i.e., with a radius of 1.41 m). From Fig. 2 , it can be concluded that the OML and point-source models provide very good approximations to the collected and emitted currents at the surface of the spheres. These approximations are applicable over such a wide range because at low density, the Debye length is very large so that space charge effects can be neglected. In the high-density range, the potential of the conductors (spacecrafts and probes) tends to be very low so that the approximations and the exact solution tend toward the same limiting value at the vanishing potential.
Similarly, replacing the spacecraft cylindrical shape by a spherical shape of equivalent surface is expected to have a limited effect because on one hand, when the density decreases, the potential increases, and the effective area of collection becomes closer to a sphere. On the other hand, when the density increases, the potential decreases, and the collected current approaches the thermal current. 
III. APPLICATION TO CLUSTER FLOATING-POTENTIAL DATA
Examples of density estimates based on the plasmafrequency measurements [3] onboard Cluster from the relaxation sounder experiment are shown in Fig. 3 . It can be deduced from the density profile that Cluster was in the plasmasphere from the start of this time interval until 17:27 when the plasma density dropped sharply below 10 cm −3 . From 15:36 UT to 16:30 UT, the density could not be estimated by this technique because the plasma frequency was in a too high a range for this instrument. The same density estimates are plotted in Fig. 4 against the potential difference measured by the Langmuir probe system (dots). The theoretical curves based on the analytical model described above are also plotted as continuous lines for Te = 1 (dotted line), 2 eV (dashed line), and 3 eV (mixed dotteddashed line). The inflexion observed around 1 V is due to the fact that at this value, the probe potential becomes negative with respect to the ambient plasma. The values of the various parameters used to produce the theoretical curves are given in Tables II and III . The ambient plasma-electron temperature and plasma-ion temperature were taken to be equal. It must be noted that for each value of the ambient plasma temperature, the photoelectron-distribution parameters could be adjusted to make the curve fit the data. However, the bi-Maxwellian description of the photoelectron population was found to provide a much better fit to the data especially in the lower density range. Furthermore, in the temperature range explored, good fits to the data were obtained assuming T Table III , we deduce that the ambient plasma temperature is in the range 0.9 to 1 eV in the former case and in the range 0.6 to 0.7 eV in the second case.
IV. UNCERTAINTY IN DENSITY ESTIMATES BASED ON
FLOATING-POTENTIAL DATA Several authors have used empirical relationships between density and probe potential as a fast method for estimating the density [7] , [9] . The theoretical model described above may help clarify the influence of key parameters on such relationships. As a matter of fact, the uncertainty in plasma temperature is often ignored in density estimates based on empirical relationships. To illustrate this effect, several potential density Tables II and IV. The range of temperatures corresponds to what is expected inside and in the vicinity of a plasmasphere crossing. The lower temperature range from 0.1 to 1 eV is usually encountered in the highest density part of the plasmasphere (say above 100 cm −3 ). The higher temperature range is expected in the plasmasphere boundary layer (when the density is typically below 100 cm −3 ). Based on these considerations, it can be deduced from the range of density covered by the curves in Fig. 5 that the use of a median relationship relating the potential to the density would produce an uncertainty in the density estimate of about 50% in the low-density part (i.e., below 100 cm −3 ) and an uncertainty of a factor two or three between 100 and 200 cm −3 and even higher above 200 cm −3 .
V. CONCLUSION
A simple model of the potential of the spacecraft with respect to the probe floating potential has been developed. It has been shown to give a very good fit to the Cluster measurements made during a plasmasphere crossing when the density ranged from 1 to 80 cm −3 . This is owing to the model distribution function assumed for the photoelectrons emitted by the spacecraft surfaces. If the ambient electron temperature is unknown, the model predicts that the uncertainty in the density determination derived from the measurement of the probe potential with respect to the spacecraft potential is about 50% below 100 cm −3 and about a factor two to three between 100 and 200 cm −3 . Furthermore, a method is outlined for inferring the temperature of the plasma if the latter parameter remains constant over a significant part of the orbit. It is noted that, although the model has been tested on measurements made during plasmasphere crossings, it should remain valid for other regions of the magnetosphere crossed by Cluster where the Debye length is typically larger than in the plasmasphere. This holds as long as a Maxwellian description of the plasma is valid. Finally, it must be cautioned that the influence of the actual geometry of the probe including the neighboring boom and guards has been neglected. These elements may affect the model by modifying the apparent photoelectron current from the probe. An investigation of this effect is planned.
